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$-\triangle u=f.(X, u)$ in $\Omega$
$u>0$ in $\Omega$
$\backslash u=0$ on $\partial\Omega$ ,
. , $\Omega$ $1\mathrm{R}^{n}(n\geq 3)$ , $f$






(f2) $g(x_{\backslash }, u)$ $u$ , $x$ –
$g(x, u)=o(u)$ as $uarrow 0$ .
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(f2) $f(x, u)$
. , Brezis-Nirenberg [3] $g(x, u)=$




$(K(x)>0)$ . , Deng [4], Escobar [5], Escobar-
Schoen [$6\mathrm{i}$ , $g(X, \prime u)$
. , Nehari
. , , Nehari
$(\mathrm{N}\mathrm{e}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{i}[7])$ .
, a Nehari $N_{a}$ .
$,J_{a}(u)$ $\equiv$ $\frac{1}{2}\int_{\Omega}|\nabla u|^{2}dX-\int_{\Omega}F(x, u)dX$
$=$ $\frac{1}{2}I_{\Omega}\{|\nabla u|^{2}-a(x)u^{2}\}dx-\int_{\Omega}G(x, u)d_{X}$ , $u\in H_{0}^{1}(\Omega)$ .
,
$F(_{\backslash }x, u)=. \int_{0}^{1\ell}f(X, t)dt$, $G(x, u)= \int_{0}^{u}g(X, t)dt$ .
. Nehari
$N_{a}\equiv\{v\in H_{0}^{1}(\Omega)\backslash \{0\}|I_{a}(v)=0\}$ .
,
$I_{a}(v)= \int_{\Omega}\{_{\backslash }|\nabla v|2-a(X)v\}2dx-\int_{\Omega}vg(x, v)dx$.
$d_{a}=. \inf_{a}Ja(v)\iota’\in N$
. ,
$N_{a}^{i}$ $=$ $\{v\in X|I_{a}(v)>0\}$ , $N_{a}^{e}=\{v\in X|I_{a}(v)<0\}$ ,
$B(v)$ $=$ $\int_{\Omega}\{\frac{1}{2}vg(x, v)-G(X, v)\}$
, .
. Nehari
1. $N_{a}^{i}\cup\{0\}$ $H_{0}^{1}(\Omega)$ $0$ .
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2. $v\in N_{a}$ $J_{a}(tv)$ $t>0$ .
3. $d_{a}>0$ .
4. $N_{a}$ $B=J_{a}$ .
5. $v(\neq 0)\in H_{0}^{1}(\Omega)$ , $t_{v}v\in N_{a}$ $t_{v}>0$ – ,
$\{$
$v\in N_{a}^{i}$ $\Leftrightarrow$ $t_{v}<1$
$v\in N_{a}$ $\Leftrightarrow$ $t_{v}=1$
$v\in N_{a}^{e}$ $\Leftrightarrow$ $t_{v}>1$ .
, Nehari .
Nehari : $d_{a}$ $u_{0}\in N_{a}$ , $u_{0}$ a . ,
$u_{0}$ (P) .
, $g(x, u)$ $u$ , $I_{a}(u)=I_{a}(|u|),$ $J_{a}(u)=J_{a}(|u|)$ . $u_{0}$
$|u_{0}|$ , $u_{0}\geq 0$ . (f3) ,
$I_{a}’(u_{0})[u_{0}]$ $=$ $J_{\Omega}\{2|\nabla u_{0}|^{2}-f(x, u_{0})u_{0^{-}0}u^{\mathit{2}}f_{u}(X, \prime u\mathrm{o})\}dx$
$=$ $\int_{\Omega}\{\frac{f(x,u\mathrm{o})}{u_{0}}-f_{u}(X, u\mathrm{o})\}u^{2}0dX$
$\neq$ $0$ .
, Lagrange $\kappa$ ,
$J_{a}’(u\mathrm{o})[v]-’\dot{v}I_{a}’(u_{0})[v]=0$
$v\in H_{0}^{1}(\Omega)$ . , $v=u_{0}\in$ , $J_{a}’(u\mathrm{o})[u\mathrm{o}|=I_{a}[u_{0}]=0$
, $\kappa=0$ . $J_{a}’(u0)=0$ . $u_{0}$
, , , $u_{0}>0$ , (P) .
Nehari , $d_{a}$ Nehari $N_{a}$
.
2 Main Results
(f1) $\sim(\mathrm{f}3)$ , .
$g(x, u)$




, $X\in\Omega$ $u\geq 0$ .
(g3) $\gamma>1$ , $x\in\Omega$ ,
$\lim>\underline{g(x,u)}\mathrm{o}$ .
$u\searrow 0$ $u^{\gamma}$
(g4) $x\in\Omega$ , $\log g(x, u)$ $u$ .
$(\mathrm{f}\mathrm{l})\sim(\mathrm{f}3),$ $(\mathrm{g}\mathrm{l})\sim(\mathrm{g}4)$ , .
1 $d_{a}<d_{0}$ , $d_{a}$ $N_{a}$ . , (P) .
,
2 $f(x, u)=a(X)u+g(x, u)$ $(f1),$ $(f3),$ $(g1),$ $(g4)$ ,
$(\mathrm{f}2’)$ $g(x, u)$ $u$ , $0< \alpha\leq\beta/<\frac{7l}{n-2}\alpha$ $\alpha,$ $\beta$ ,








, $s_{0}$ . ,
$S_{0}= \inf\{\frac{||\nabla v||L^{2}(1\mathrm{R}^{n})}{||v||L^{\frac{2n}{n-2}}(1\mathrm{R}n\rangle}|\iota’\in H^{1}(\mathrm{R}n)\backslash \{\mathrm{o}\}\}$ .
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3Outline of the Proof of the Theorems
key lemma , Lieb $(\mathrm{B}\mathrm{r}\mathrm{e}\mathrm{z}\mathrm{i}_{\mathrm{S}^{-}\mathrm{L}}\mathrm{i}\mathrm{e}\mathrm{b}[2])\text{ }$
.
1 $j(x, t)$ $t$
’
$x\in\Omega$ $j(x.\cdot \mathrm{o}.)=0$ $\Omega\cross \mathrm{R}$
. , $\{g_{k}\}$
$g_{k}arrow 0a.e.$ ,
, $k$ $C>0$ $\sigma>1$ ,
$\int_{\Omega}|j(x, \sigma gk(X\mathrm{I})-\sigma j(x,g_{k}(X))|dX\leq c<\infty$
$\Omega$ .
, $f$ . $M\in \mathrm{B}$ 1 $\{\rho_{k}\}$
$\int_{\Omega 1}\sup_{q-1|\leq 1}|j(x, Mqf(x))|d_{X<}\infty$
2
$\int_{\Omega}|j(x_{\text{ }}.g_{k}$. $+\rho kf)-i(x,g_{k})-j(X, f)|dxarrow 0$ as $karrow\infty$
.
, $\{v_{k}\}(\subset N_{a})$ J , $I_{a}(v_{k})=0$ { $J$ $(v_{k})$ }
,{vk} $H_{0}^{1}(\Omega)$ . ,{vk} $\{v_{k_{j}}\}$
$v\in H_{0}^{1}(\Omega)$ , $\{v_{k_{j}}\}$ $v$ , , $H_{0}^{1}(\Omega)$
1 , .
2 , $d_{a}\equiv \text{ }\mathfrak{l}\in N_{a}$ $J_{a}(v)$ , $v=0$ . , $0$
$H_{0}^{1}(\Omega)$ , $J_{a}(v_{k})arrow d_{a}$ $\{v_{k}\}(\subset \mathit{1}\mathrm{V}_{a})$ .
2 $\{\tau\prime_{k}\}$ , $w_{k}=q_{kk}v\in N_{0}$ , $q_{k}arrow 1$
,




1, 2 : $d_{a}$ , 3 $N_{0}$






. , 1 , 2 .
4 Some Remarks
$\ovalbox{\tt\small REJECT}-\text{ }$
$1$ , $d_{a}$ , $a=0$ $d_{0}$
, $a=0$ . ,
.
3 l)\sim (f3), $(g\mathit{1})\sim(g\mathit{4})$ . , $c(x)$ $\delta>0$
, $v\in H_{0}^{\mathrm{J}}(\Omega)$ .
$\int_{\Omega}\{|\nabla v|^{\mathit{2}}-C(X)v\}2d_{X}\geq\delta\int_{\Omega}|\nabla v|^{\mathit{2}}dX$
.
, $d_{a}$ <d , $d_{a}$ $N_{a}$ .
3 $c(x)$ $\mathcal{M}$ , ,
$\mathcal{M}=\{c(x)\in L^{\infty}(\Omega)$ $\int_{\Omega}\{|\nabla v|^{2}-C(x)v^{\mathit{2}}\}d_{X}\geq\delta\int_{\Omega}|\nabla v|^{2}dX$




$\overline{d}_{\mathcal{K}}=\sup d_{\mathrm{c}}c\in\kappa$ ’ $\overline{d}_{\mathrm{A}4}=.\sup_{\mathrm{c}\in \mathcal{M}}d_{\mathrm{c}}$ .
. , $\overline{d}_{\mathcal{K}}$ $+\infty$ .
3 .
i) , $a\in \mathcal{K}$ , $d_{a}$ $N_{a}$, , $\overline{d}_{\mathcal{K}}$ $\overline{d}_{\mathrm{A}l}$ $d_{a}$
, $\overline{d}\mathcal{K}=\overline{d}\mathrm{A}4=da$ .
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ii) $\overline{d}_{\mathcal{K}}$ $\mathcal{K}$ , $d_{c}$ $c\in \mathcal{K}$ .
iii) $d_{a}$ $\overline{d}_{\mathcal{M}}$ , $d_{a}$ $N_{a}$ .
iv) $a,$ $b\in \mathcal{M}$ $a(x)\leq b(x)$ , $d_{a}\geq d_{b}$ .
,
a) $d$ $=d_{b}$ .
b) $d_{a}$ $N_{a}$ .
c) $d_{b}$ $N_{b}$ .
3 $a,$ $b\in \mathcal{M}$ .
, 3 ,
$f(x, u)=a(x)u+u^{p}$ , $1<p \leq\frac{n+2}{7\mathrm{t}-2}$
$\mathrm{B}\mathrm{r}\mathrm{e}\mathrm{z}\mathrm{i}\mathrm{s}- \mathrm{N}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}[3]$ . ,
$d_{a}= \frac{1}{n}S^{\frac{n}{a^{2}}}$
. ,
$S_{a},$ $\equiv\inf_{)u\in H_{\mathrm{O}},u\neq 01_{(}\Omega}\frac{\int_{\Omega}\{|\nabla u|^{\mathit{2}}-a(_{X})u^{\mathit{2}}\}dx}{2}$
$( \int_{\Omega}|u|p+1dX)\overline{p+1}$




, $1<p< \frac{n+2}{n-2}$ , $\overline{d}_{\mathcal{K}}=\infty$ .
, $H_{0}^{1}(\Omega)arrow L^{p}(\Omega)$ , $\epsilon>0$ $C_{\epsilon}>0$
,
$( \int_{\Omega}|u|^{\mathrm{P}+}1dX)^{\frac{2}{p+1}}\leq\epsilon\int_{\Omega}|\nabla u|^{2}d_{X}+C_{\epsilon}\int_{\Omega}|u|^{2}dx$
$u\in H_{0}^{1}(\Omega)$ . , $\kappa=-\lambda$ ,
$\frac{\int_{\Omega}|\nabla \mathrm{c}\iota|2dx+\kappa\int_{\Omega}|u|2d_{X}}{2}$








, $\lambda<-C_{\epsilon}/\in \mathrm{i}$ ,







, iii) $a\in \mathcal{M}$ , d $N_{a}$ , , $1<p<$
$\frac{n+2}{7l-2}$ , $a\in \mathrm{A}4$ (P) .
$p= \frac{n+2}{n-2}$. . Brezis-Nirenberg $S_{\lambda}(\lambda<\lambda_{1})$ $S_{0}$
(P) , , $n\geq 4$ ,
$S_{\lambda}=\{$
$=$ $S_{0}$ $(\lambda\leq 0)$
$<$ $S_{0}$ $(\lambda>0)$








, $n\geq 4$ $\lambda\in(0, \lambda_{1})$ , $n=3$ $\lambda\in(\lambda^{*}, \lambda_{1})$
,
$d_{\lambda}<\overline{d}_{\lambda 4}$
. , $d_{\lambda}$ .
$f(x, u)=a(x)u+u^{p},$ $1<p \leq\frac{n+2}{n.-\mathit{2}}$ , $g(x, u)$
, $\overline{d}_{\mathcal{M}}$ $\overline{d}_{\mathcal{K}}$ $\Omega$ .
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